It is proven that if more than a single magnetic charge exists it is impossible to define a proper quantum mechanical angular momentum operator for an electrically charged particle in the field of the magnetic charges. Assuming that quantum mechanics is correct we conclude that free magnetic charges (i.e. magnetic charges with a Coulomb-like magnetic field) can not exist.
In his original papers on magnetic charge Dirac [1] showed that in order for quantum mechanics and a single magnetic monopole to be consistent one must introduce the following condition between the magnetic charge, g, and the electric charge, e eg 4π = nh 2 n = 1, 2, 3....
This condition assures that the Dirac string, which is attached to the monopole, has no physical effect on a charged particle in its vicinity. Various other authors have also arrived at this quantization condition using a host of methods. Several authors [2] have used the fact that a charge -monopole system carries a field angular momentum of L f ield = (eg/4π)r [3] (wherer is a unit vector pointing from the electric charge to the magnetic charge), and by requiring that this angular momentum be quantized in integer units ofh/2 arrive at the condition in Eq. (1) . Another version of this semiclassical argument can found in Ref. [4] (and is concisely sketched out in Ref. [3] ) where the collision between an electrically charged particle and a fixed monopole is examined. In the collision the electrically charged particle acquires some angular momentum, with respect to an axis parallel to its original trajectory, due to the v × B Lorentz force. Requiring that this change in angular momentum be some integer multiple ofh again leads to Eq. (1). More sophisticated derivations of Eq. (1) have been given using rotational invariance [5] [6] [7] . Finally there is the fiber bundle formulation of Wu and Yang [8] where the vector potential is defined differently over different patches of space, and the condition of Eq. (1) is recovered by requring that the gauge transformation function which connects the two potentials be single valued.
All of these various derivation have the common feature that they only deal with a single, free monopole which has a Coulomb-like magnetic field. The assumption being that if one can make quantum mechanics compatible with a single magnetic charge, and since Maxwell's equations are linear so that superposition holds, it should not be a problem to consider any number of monopoles. However based on some recent work [9] it can be proven on very general grounds that if more than a single, free monopole exists one can not have a proper quantum mechanical angular momentum operator for an electrically charged particle in the field of the magnetic charges. From this we conclude that either monopoles do not exist, or the quantum mechanical theory of angular momentum must be significantly altered in the presence of magnetic charge.
Before proceeding to the rigourous proof it should be pointed out that already using the semiclassical arguments of Refs. [2] or [4] one has intimations of problems in systems that are more complex than a single charge and a single monopole. For a system with two monopoles and a single charge, or two charges and a single monopole the angular momentum carried in the electric and magnetic fields is no longer independent of the relative positions of the particles in the system (unlike the one charge-one monopole case where the field angular momentum only depends on e and g). Thus in this case it appears that requiring this classical field angular momentum to come in integer units ofh/2 will require some kind of "quantization" condition on the relative positions of the particles (details of this analysis can be found in Ref. [11] ). In the semiclassical argument of Goldhaber [4] as given by
Jackson [3] , if two fixed monopoles are considered in the collision process then the angular momentum transfered to the electrically charged particle is no longer independent of the geometry of the collision (i.e. it will depend on the impact parameter and the distance between the monopoles) so that one again has problems quantizing the angular momentum unless the collision parameters are restricted to take on only certain discrete values (details can again be found in Ref. [11] ).
Recently it was shown that magnetic monopoles and a photon mass are incompatible [9] . Here we apply the same type of analysis to show that having more than a single, free monopole leads to a similiar incompatibility with the quantum mechanical angular momentum of an electrically charged particle. The quantum mechanical angular momentum operator, L i , of a particle with electric charge e, should satisfy the following commutation
where
is the covariant derivative, and A i is the electromagnetic vector potential. Now using only Eqs. (2) and (3) it can be shown [9] that the angular momentum and magnetic field, H should satisfy the following commutation relationship
where the magnetic field comes from the vector potential, A, via H = ∇×A. Up to this point the vector potential and therefore the magnetic field are unspecified. Ignatiev and Joshi show that Eq. (4) can not be satisfied for the magnetic field produced in electrodynamics with a massive photon. Here we arrive at the more restrictive conclusion that even with ordinary, massless electrodynamics Eq. (4) can not be satisfied if the magnetic field is anything more complicated than the Coulomb-like magnetic field of a single, free monopole. As a specific example consider two magnetic charges, both with charge g, with one located at the origin and the other located at the position R (from this example one can immediately see that the result will also apply any time there is more than one monopole). The magnetic field produced by these two monopoles is
where r ′ = r − R. Putting this magnetic field into Eq. (4) gives
The first and the third terms can be handled using the commutation relationship [L i , r j ] from Eq. (2). The results are
For the second and fourth terms we write out the angular momentum operator as L i = ǫ ilm r l p m , and use the elementary commutation relationship [
(The full angular momentum operator for the electrically charged particle is
However, the latter two terms only depend on position and so play a trivial role in Eq. (6) 
The first term above follows the correct commutation relationship between L i and H 1j . The second term is almost right except that it should have an r ′ k in the numerator rather than r k .
The third term, which does not vanish because r l R m is not symmetric in l and m, also does not agree with the correct commutation relationship of Eq. (4). The last two terms in Eq.
(9) should yield iǫ ijk H 2k but do not. Thus any system which contains more than a single monopole will be inconsistent with quantum mechanical angular momentum. Therefore free monopoles with Coulomb-like magnetic fields should not exist unless a major revision of the theory of quantum mechanical angular momentum is considered. It could still be argued that a single, unique monopole exists and is consistent with quantum mechanics. However, it is possible to apply duality to the above analysis to show that the dual system with two electric charges and one magnetic charge also has problems. On performing the duality rotation [3] (so that H → −E, the two magnetic charges become electric charges, and the electric charge becomes a magnetic charge) one again encounters the problem that it is impossible to define a consistent angular momentum operator for the magnetic charge this time. Already in the semiclassical arguments of Ref. [2] it was found that there are apparently problems with the two charge -one monopole system [11] . The only part of the above analysis that seems to present a problem with respect to the duality rotation is Eq. (3) since it involves the vector potential, A, while the duality rotation is usually written strictly in terms of the electric and magnetic fields, and the electric and magnetic sources. However, in the appendix of Ref. [10] it is shown that by introducing a four vector potential, C µ = (φ m , C), which is dual to the usual four vector potential, A µ = (φ e , A), one can extend the dual rotation down to the level of the potentials (i.e. under the dual rotation A µ → −C µ ). This will be discussed more below. Thus the above analysis is invariant under the duality rotation, and one again encounters the same problems for the dual system with a single monopole and two electric charges.
One might wonder if there is some overlooked complication that arises from the fact that we are considering systems with more than two particles (i.e. either two monopoles and one electric charge or the duality rotated system with two electric charges and a single monopole). In this respect it can be pointed out that in the equivalent electric system (i.e.
an electric charge moving in the fields of two other fixed electric charges which produce a two center Coulomb electric field) there is no problem with defining a proper quantum mechanical angular momentum or solving the problem quantum mechanically [13] .
From the above analysis it seems that any charge-monopole system more complex than a single electric charge and a single magnetic charge will have serious difficulties in formulating a good quantum mechanical angular momentum operator. Assuming that quantum mechanics is valid leads to the conclusion that free monopoles, with Coulomb-like magnetic fields, can not exist. One could still entertain monopoles if they always came in permanently confined monopole anti-monopole pairs so that at most there would be an external magnetic dipole field, which is certainly quantum mechanically consistent with respect to defining an angular momentum operator for a charged particle moving in this field. This confinement proposition for magnetic charge is supported by Wilson's [12] lattice gauge theory arguments for confinement. One may worry about the fact we are dealing with an Abelian theory (electromagnetism) as opposed to a non-Abelian theory (QCD). However, Wilson's original lattice gauge theory paper [12] used a U(1) gauge theory to argue for confining behaviour. Thus the strength of the coupling, rather than Abelian versus non-Abelian character of the interaction, seems to be the most important factor in determining confinement.
Further, from Eq. (1) and the experimentally small value of the electric charge, e, it is found that the magnetic coupling, g, is an order of magnitude or more larger than the size of the QCD coupling which is thought to lead to confinement. One final objection is that Wilson's arguments were in terms of the charge which is minimally coupled to the U(1) gauge boson.
In the usual formulation of electromagnetism it is the electric and not the magnetic charge which is coupled to the U(1) gauge boson. However, as previously mentioned, the appendix of Ref. [10] , shows that one can just as easily have magnetic charge minimally coupled to the U(1) gauge boson by introducing the four vector potential, C µ , which is dual to the usual four vector potential, A µ . In terms of C µ the field strength tensor, G µν , and its dual G µν are defined as
The E and H fields are then
or in three vector notation
In this dual formulation of electromagnetism it is the electric charges which find themselves on the end of Dirac strings. It is easier to handle whichever charge is directly coupled to the U(1) gauge boson as opposed to the charge which is attached to the Dirac string. Therefore,
given that electrically charge particles are experimentally observed while magnetic charges are not, it is apparent why electromagnetism is usually formulated in terms of A µ rather than C µ .
Using general arguments we have proven that the quantum mechanical theory of angular momentum and magnetic charge come into conflict as soon as anything more complicated than a simple charge-monopole system is considered. Assuming quantum mechanics to be correct we conclude that free monopoles can not exist unless they come in permanently confined monopole anti-monopole pairs. Under either option (non-existence or confinement) one does not expect to be able to observe free monopoles with Coulomb-like magnetic fields unless quantum mechanics is significantly altered.
The relationship between the present work and that of Ignatiev and Joshi can be seen as follows : In Ref. [9] it was shown that massive electrodynamics was inconsistent with monopoles, so that if the photon has any mass at all monopoles can not exist. By giving the photon a mass one introduces a natural length scale into electromagnetism (l ≃ 1/m γ where m γ is the mass of the photon). Since the semiclassical arguments for arriving at Eq.
(1) depend crucially on the scale independence of the classical field angular momentum, one might have suspected that introducing a length scale into the problem would disturb the quantum theory of magnetic charge. In the present paper we consider systems more complicated than the simple charge-monopole configuration. These systems also introduce a natural length scale which is absent in the simple charge-monopole system, namely the separation distance between the two monopoles or between the two charges in the duality rotated system.
Both experimental evidence [14] and theoretical arguments favour an exactly massless photon. Thus the restrictions placed on the existence of magnetic charge by Ref. [9] may not seem too severe. In the present work it is proven that even when the photon is massless, as expected, that the existence of magnetic charge runs into problems with quantum mechanics once any system more complex than a single charge and a single monopole is considered. The only escape from this conclusion is the hypothesis that magnetic charges are permanently confined in monopole anti-monopole pairs. A heuristic motivation for this hypothesis was skecthed in terms of dual electromagnetism [10] .
Finally one may ask how the above analysis affects the existence of 't Hooft-Polyakov monopoles [15] . From the work of Jackiw and Rebbi, and Hasenfrantz and 't Hooft [16] it is found that when a particle with non-Abelian "electric" charge is placed in the field of a 't Hooft-Polyakov monopole that this system carries a field angular momentum in exact analogy with the field angular momentum carried by a charge-monopole system. Hasenfrantz and 't Hooft show that the total angular momentum of this system (orbital angular momentum plus field angular momentum) obeys the the same commutation relationships -Eq.
(2) -that were used in the present work to arrive at the incompatibility between quantum mechanics and magnetic charge. The main problem that remains with applying the present result to these non-Abelian monopoles is the fact that non-Abelian theories are non-linear so that the superposition principle is not valid. In the the case of electromagnetism we were justified in writing down the magnetic field due to two monopoles by simply superposing the two Coulomb-like magnetic fields to get the total magnetic field, which then by a straightforward application of the required commutation relationships led to a conflict. One may worry that when QED corrections are considered, eletromagnetism is no longer strictly linear. However a problem arises no matter what separation between the magnetic charges, R, is considered. Thus R can always be taken as large enough so that superposition is approximately valid to whatever degree is required. Also in the duality rotated system, with two electric charges and one magnetic charge, it is known experimentally that superposition is very well satisified for the total field produced by the two electric charges if they are some reasonable distance apart. Without a more detailed analysis of the non-Abelian versions of the Abelian systems considered here, one can still say that if the assumption is made that the non-Abelian particles can be separated to large enough distances, so that superposition is approximately valid, then the same kind of incompatibility between 't Hooft-Polyakov monopoles and quantum mechanics results.
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